We show that some notations and facts on addition chains can be generalized to addition-multiplication chains. In other words, we show that addition-multiplication chains resemble addition chains in many aspects.
Introduction
An addition chain [6, 8, 11] for a natural number n is an increasing sequence of numbers 1 = a 0 < a 1 < · · · < a r = n and an associated sequence w 1 , . . . , w r of pairs w i = (j i , k i ), 0 j i , k i < i such that (1) for each 0 < i r, a i = a j i + a k i ; and (2) for each 0 j < r, a j should be used to construct some a i with j < i r.
The second condition in the definition (due to Flammenkamp [6] ) is to ensure that an addition chain for n contains no superfluous elements. The number of steps r is called the length of the addition chain for n. The shortest length for which there exists an addition chain for n is denoted by (n).
Let (n) = log 2 n and (n) be the number of 1's in the binary representation of n. The ith step a i = a j i + a k i (0 k i j i < i) is called The length, r, of an addition chain can be expressed as r = (n) + S(a 0 , a 1 , . . . , a r = n), where S(a 0 , a 1 , . . . , a i ) (or simply S(a i )) denotes the number of small steps in the chain up to a i . It should be noted that S(a i ) is chain dependent [14] .
Since the length of an addition chain for n measures the number of multiplications for computing x n from x, therefore the time for computing x n depends essentially on the number of multiplication that have to be performed assuming that the cost of one multiplication is close to constant. In this case no need to consider the associated sequence. If we omit the associated sequence w 1 , . . . , w r from the definition of addition chains, then the definition of star step is a bit delicate, i.e., a i may have several interpretations. For example, in the chain 1, 2, 4, 5, 6, 11 a 4 = 6 can be written as star a 3 + a 0 or nonstar a 2 + a 1 . Thus, the definition of star step should be restated as follows: a step a i is called star if a i can be written as
If the cost of multiplication is taken into account, then we need to consider the associated sequence [8] .
Addition chains have been widely studied as a means of modeling problems for integer evaluation [7, 9, 12] . In order to study the complexity of evaluating integers and polynomials, Dobkin and Lipton [10] extended addition chains to B-chains, where B is a finite set of binary operations.
A B-chain is a sequence 1 = a 0 , a 1 , . . . , a r = n such that for each i, a i = a j • a k , where j, k < i and • is an operation of B. The number r is called the length of the B-chain. Dobkin and Lipton [10] gave the bounds of the length of the shortest B-chain. On the other hand, De Melo and Svaiter [3] gave the bounds when B={+, −, * }. If B={+, * }, then B-chain is called an addition-multiplication chain [4, 5] .
The aim of this paper is to show that some facts on addition chains can be generalized to addition-multiplication chains. The paper is organized as follows. Section 2 introduces some definitions and notations on addition-multiplication chains. Section 3 includes some new elementary facts on addition-multiplication chains. Section 4 presents the lower bounds of nonstar steps and some sufficient conditions for star steps. Finally, Section 5 includes the conclusion.
Definitions and notations
In this section, we introduce some definitions and notations on addition-multiplication chains similar to what are well-known on addition chains.
(1) An addition-multiplication chain, simply AM-chain, for a natural number n is a sequence of numbers 1 = a 0 < a 1 < · · · < a r = n and an associated sequence w 1 , . . . , w r of pairs
+ * a k i ; and (b) for each 0 j < r, a j should be used to construct some a i with j < i r.
The number of steps r is called the length of the AM-chain for n. The shortest length for which there exists an AM-chain for n is denoted by AM (n).
(2) Let AM be a function defined as follows:
AM (n) = log 2 log 2 n , n 2. The following example illustrates these definitions. An AM-chain for 20 is 1, 2, 4, 5, 20 with associated sequence
The steps i = 1, 3 are +-star, i = 2 is doubling, and i = 4 is * -star. The step 3 is small.
Remark 1.
(1) Similar to addition chains, the length of an AM-chain, r, can be expressed as For simplicity, in the rest of the paper, we will write a i = a j
Some facts
In this section, we shall mention and prove some facts on AM-chains.
Proposition 2.
AM (n) log 2 log 2 n + 1, n 2. 
Proposition 3.
AM (2
Proof. Similar to [3, Proposition 1].
Proposition 4. Let x be a natural number with
Proof. By Proposition 2,
Thus, AM (x 2 n ) n + log 2 ( ) + 2.
Proposition 5. Let x be one of the following values:
(1) 2 2 p + 1, p 0. (2) and (3) is similar. a 0 , a 1 , . . . , a i− , a i− +1 , . . . , a i , . . . , a r = n be an AM-chain for n. If a i = a j
Lemma 6. Let
If furthermore j i − 2, then none of the steps a j +1 , . . . , a i is * -doubling.
Proof. First, we prove Eq. (1). Suppose that
Thus,
Therefore,
In case of a i = a j + a k , the proof is similar. Second, we prove that a j +1 , . . . , a i are * -nondoubling. Suppose that j i − 2 and a is * -doubling, where 
Star and nonstar steps
In this section, we give some sufficient conditions for star steps and the lower bounds of nonstar steps in AM-chains.
Some sufficient conditions for star steps
Lemma 7. The last step in any shortest AM-chain must be star.
Proof. Similar to [13, Observation 2.1].
The last step can be +-star or * -star. For example, 17 is +-star in the chain 1, 2, 4, 16, 17; while 64 is * -star in the chain 1, 2, 4, 16, 64. a 0 , a 1 , . . . , a i , . . . , a r = n be an AM-chain for n. If a i is * -doubling, then a i+1 is star.
Lemma 8. Let
Proof. Suppose that a i+1 is nonstar, then a i+1 = a j Proof. Note that a i+1 cannot be a p
The possibilities for a i+1 are drawn from the set {a i 
Lower bounds of nonstar steps
The lower bounds of a nonstar step a i = a j + * a k , 0 k j i − 2 mean the lower bounds of j and k. The following theorem gives the lower bounds of a nonstar step in AM-chains. 1 = a 0 , a 1 , . . . , a r = n be an AM-chain for n, and a i = a j
Theorem 11. Let
Proof. Let a i = a j * a k , 1 k j i − (S AM (n) + 1) be a * -nonstar step in an AM-chain for n. Then, by Eq. (1) and Remark 1-(2),
which is a contradiction. This proves that there is no * -nonstar step a i = a j * a k , where j i − S AM (n) − 1 in an AM-chain for n with length r = AM (n) + S AM (n). It implies that there is no +-nonstar step a i = a j + a k , where j i − S AM (n) − 1, since a p + a q a p * a q for any p, q 1. This proves that j i − S AM (n).
Note that k 1, since 4 is * -nonstar (with j = k = 1) in the chain 1, 2, 3, 4 = 2 * 2, 7.
Remark 12.
If we omit the associated sequence, then we can get the following results:
(1) The lower bounds of a nonstar step a i = a j + * a k (k j) are k 2 and j i − S AM (n). This comes from:
• There is no nonstar step at i = 1, 2 and 3 for every n (see Fig. 1 ).
• If a i is to be +-nonstar, it should satisfy a i − a i−1 3, since in any AM-chain a 1 = 2. If a i is * -nonstar of the form a i = a j * a 1 (i.e. k = 1), then a i can be written as +-doubling, i.e., a i = a j + a j . 
Conclusion
We have shown that AM-chains have some properties similar to addition chains. The complexity problem of computing a shortest AM-chain for a natural number or arbitrary sequences of natural numbers remains open [5] .
